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Consider the differential equation

x′′′ = f1(x, x′, x′′) +
x′

x2
f2(x, x′, x′′) +

1

x2
(f3(x, x′, x′′))3/2

, (1)

where fk(x, x′, x′′) = akxx′′ + bkx
′2 + ckx

2x′ + dkx
4, ak, bk, ck, dk, k = 1, 2, 3

are constants; moreover, f3(x, x′, x′′) is not a complete square. We single out all
classes of equations (1) with the Painleve property. We indicate which functions are
integrated the resulting equations. The equation (1) determine one of components
of the quadratic third-order system.

Require that the solutions of equation

f3(x, x′, x′′) = 0 (2)

are solutions of equation (1) [1]. If performed these requirement, then equation (1)
replace the system

x′′ +
b3

a3

x′2

x
+

c3

a3

xx′ +
d3

a3

x3 = ηw2x, w′ = w2 +
(
αx + β

x′

x

)
w, (3)

where η = 4
a3
3
, α = 1

2
( c3

a3
+ a1), β = b3

a3
+ 1

2
(a2 − 1). From (3) we have that 2w =

f ′3(x, x′, x′′)/f3(x, x′, x′′)− (β + 2)x′/x− αx. The following statement is valid.
Lemma 1. Equation (1) has the Painleve property if and only if the system (3)

has the Painleve property.
Holds
Lemma 2. If equation (1) has the Painleve property, then the equation (2) has

the Painleve property.
Proof. Setting in the system (3) w = εω, we obtain the simplified system

x′′ +
b3

a3

x′2

x
+

c3

a3

xx′ +
d3

a3

x3 = 0, ω′ =
(
αx + β

x′

x

)
ω,

as ε = 0 which should have the Painleve property. It follows that lemma 2 is valid.
Setting in the system (3) z = ετ , at ε = 0 we obtain the simplified system

ẍ +
b3

a3

ẋ2

x
= 0, ẇ = β

ẋ

x
w, (4)

as ε = 0, where ẋ = dx
dτ

, ẍ = d2x
dτ2 , ω̇ = dω

dτ
. The first equation of the system (4) has

the Painleve property if and only if

b3

a3

=
1

n
− 1, (5)

1



where n ∈ Z \ {0} or n = ∞. If β 6= 0, a3 + b3 6= 0, then we find w = C1(τ − τ0)
βn,

where C1, τ0 are arbitrary constants (in the following, τ0 and Ci, i = 1; 2, are arbitrary
constants). Consequently, τ = τ0 is not a critical point, only for

β =
µ

n
, (6)

where µ, n ∈ Z \ {0}.
The following statement is valid.
Lemma 3. If system (3) has the Painleve property then the condition (5) is true

and at β 6= 0, n ∈ Z \ {0} condition (6) is true.
Introducing in the system (3) the parameter ε by the formulas w = ε−1ω, z = ετ ,

we obtain the simplified system

ẍ =
(
1− 1

n

) ẋ2

x
+ ηw2x, ω̇ = ω2 + β

ẋ

x
ω, (7)

as ε = 0 where ẋ = dx
dτ

, ẍ = d2x
dτ2 , ω̇ = dω

dτ
. Let β = 0. The second equation in system

(7) has a solution ω = −1/(τ − τ0), then the first equations in system (7) acquires
the form

ẍ =
(
1− 1

n

) ẋ2

x
+ η

x

(τ − τ0)2
. (8)

The equation (8) has general solution x = C1e
C2(τ−τ0)(τ − τ0)

−η, for n = ∞ and

x = (τ − τ0)
n−
√

n(n+4η)

2

(
C1 + C2(τ − τ0)

n+
√

n(n+4η)

2

)
,

for n ∈ Z \ {0}. If β = 0, n = ∞, then system (7) has Painleve property only if

η ∈ Z \ {0} . (9)

If β = 0, n ∈ Z \ {0}, then system (7) has Painleve property if and only if one of the
following conditions:

n = 2m, η =
m

2
(s2 − 1); (10)

n = 2m + 1, η = (2m + 1)(l2 − l); (11)

where m ∈ Z, s ∈ Z \ {−1; 1} , l ∈ Z \ {0; 1} is true. Consequently, the following
statement is valid

Lemma 4. Let β = 0. If system (3) has the Painleve property, then the condition
(9) for n = ∞ and one of the conditions (10), (11) is true.

Let β 6= 0. From system (7), for ω, we have the equation

ω̈ =
(
1− 1

n

) ω̇2

ω
+

(
1 +

2

µ

)
ωω̇ +

(
µ

η

n
− 1

µ

)
ω3 (12)
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for n ∈ Z \ {0} and the equation

ω̈ =
ω̇2

ω
+ ωω̇ + ηβω3, (13)

for n = ∞. Equation (12) has the Painleve property only if one of the following
conditions [2,3]:

η = 10n where η = n where µ = 1; η =
5

4
n where µ = 2;

η =
3

2
n where µ = 3; η = 2n where µ = 5; µ = −2

is true. Equation (13), where β 6= 0, has not the Painleve property [2,3]. From system
(7) we find that

x = ω
1
β e−

1
β

∫
ωdt, (14)

where ω is a solution to the of equation (12). The following statement is valid
Lemma 5. If system (3) at β 6= 0 has the Painleve property, that one of the

following conditions
1)n = (µ + 2)p, η = (µ + 2)(µ + 3)p/4, where p ∈ Z \ {0} , µ ∈ {1; 2; 3; 5};
2) n = 3p, η = 30p, where p ∈ Z \ {0} , µ = 1;
3) η = pn(p + n)/(2p + n)2, where p, n ∈ Z \ {0} , p 6= −n, p 6= −n

2
, µ = −2;

4) η = n/4, where n ∈ Z \ {0} , µ = −2
is true.

Using lemmas 1–5, Painleve analysis of system (3) we obtain the following
statement.

Theorema. Equation (1) has the Painleve property if and only if one of the
following conditions:

1) a1 = c3 = d1 = d3 = 0, a2 = 3 − 2/n, b1 = −c2, b2 = 2/n − 2, b3 = (1/n −
1)a3, c1 = −d2,a3

3 = 8/(m(s2 − 1)), n = 2m, s ∈ Z \ {−1; 1} , m ∈ Z \ {0} or
a3

3 = 4/((2m + 1)(l2 − l)), n = 2m + 1, l ∈ Z \ {0; 1} ,m ∈ Z;
2) a1 = 1, a2 = 3 − 2/n, a3

3 = 16/(n(s2 − 1))b1 = −c2, b2 = 2/n − 2, b3 =
(1/n − 1)a3, c3 = −a3, d1 = 0, d2 = −c1 − 2n/((n + 2)2), d3 = na3((n + 2)2), where
n ∈ Z\{−2;−1; 0}, s ∈ Z\{−1; 1}, (1−s)n/2 ∈ Z, (1−s)n/2+sk 6= −1, if n ∈ N,
then k = 0, n; if n ∈ Z− \ {−2;−1} then k = 0, 1, 2, ...;

3) a1 = c3 = d1 = d3 = 0, a2 = 3, b1 = −c2, b2 = −2, b3 = −a3, c1 = −d2, 4/a
3
3 ∈

Z \ {0};
4) a1 = −c3/a3, a2 = 3, b1 = −c2, b2 = −2, b3 = −a3, c1 = −d2, c3 6= 0, d1 = d3 =

0, 4/a3
3 ∈ Z−;

5) a1 = c3 = d1 = d3 = 0, a2 = 3 + 2(µ − 1)/n, b1 = −c2, b2 = 2(1/n − 1)(1 +
µ/n), b3 = (1/n− 1)a3, c1 = −d2 and one of the following conditions

а) n = (µ + 2)p, a3
3 = 16/((µ + 2)(µ + 3)p), where µ ∈ {1; 2; 3; 5} , p ∈ Z \ {0};

б) n = 3p, a3
3 = 2/(15p), where p ∈ Z \ {0}, for µ = 1;
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в) a3
3 = 16/n, or a3

3 = 4(2p + n)2/(pn(p + n)) where p, n ∈ Z \ {0} , p 6= −n, p 6=
−n/2, for µ = −2
is true;

6) a1 = 3, a2 = 1, a3
3 = 1/5, b1 = −c2, b2 = b3 = 0, c1 = 6 − d2, c3 = a3, d1 =

−4, d3 = −a3;
7) a1 = 1, a2 = 2, a3

3 = 8/15, b1 = −1− c2, b2 = −1, b3 = −a3/2, c1 = 3− d2, c3 =
a3,d1 = −1, d3 = −a3/2;

8) a1 = 0, a2 = 1, a3
3 = −2/3, b1 = −4/3 − c2, b2 = −4/9, b3 = d3 = −c3 =

−2a3/3, c1 = 8/3− d2, d1 = −4/9;
9) a1 = 1 − 2µ/(n + 2), a2 = 3 + 2(µ − 1)/n, b1 = −c2 − 6µ/(n(n + 2)), b2 =

2(1 − n)(n + µ)/n2, b3 = (1/n − 1)a3, c1 = −d2 + 2(µ(n + 3) − n)/(n + 2)2, c3 =
−a3, d1 = −2nµ/(n + 2)3, d3 = a3n/(n + 2)2 and one of the following conditions

а) n = (µ + 2)p, a3
3 = 16/((µ + 2)(µ + 3)p), where µ ∈ {1; 2; 3; 5} , p ∈ Z−;

б) n = (µ + 2)p, a3
3 = 16/((µ + 2)(µ + 3)p), where µ ∈ {1; 2; 3; 5} , p ∈ N \ {1}

or n = 3p, a3
3 = 2/(15p), where p ∈ N and there has been a correlation

∑m−1
k=1 (m −

k)Akam−k = −mam, where m = −a0 − 1, A0 = 1, Ak =
∑k−1

l=0 (m − l)Alak−l/((m −
k)k), k = 1,m− 1, where ak are expansion coefficients (µ + 2)p/µ(ω̇ − ω2)/ω =
a0/(z − z0) + a1 + a2(z − z0) + . . ., where ω is a solution to the equation (12);

в) n = 3p, a3
3 = 2/(15p), where p ∈ Z−, for µ = 1;

г) a3
3 = 16/n, at n ∈ Z− \ {−2;−1} or a3

3 = 4(n − 2m)2/(nm(m − n)), where
m 6= n

2
, n−m > 0,m, n ∈ N, for µ = −2

is true;
10) a1 = 2, a2 = 6, a3

3 = 8(p− 1)2/(p(2− p)), p ∈ Z \ {0; 1; 2} , b1 = −3− c2, b2 =
−6, b3 = −3a3/2, c1 = −d2, c3 = 0, d1 = −1, d3 = a3/2;

11) a1 = 2, a2 = 6, a3 = −2, b1 = −3 − c2, b2 = −6, b3 = 3, c1 = −d2, c3 = 0,
d1 = −1, d3 = 1
is true.

The solutions of these equations can be expressed via either elementary function,
elliptic function, or solutions of linear equations.
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