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Consider the differential equation
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where  fi(z,2',2") = apza” + b + s’ + dipxt,  ag, b, cp,di, k= 1,2,3
are constants; moreover, fs3(x,z’,x"”) is not a complete square. We single out all
classes of equations (1) with the Painleve property. We indicate which functions are
integrated the resulting equations. The equation (1) determine one of components
of the quadratic third-order system.

Require that the solutions of equation

f3(z,2',2") =0 (2)

are solutions of equation (1) [1]. If performed these requirement, then equation (1)
replace the system

2 d .CL’/
P S JRS —2* = qur, W =w +<0zx+5—)w, (3)
as T as as T
where 1 = %,a = %(2—‘; +a),0 = Z—*; + 1(ap — 1). From (3) we have that 2w =
filz, o', 2") ) fs(z, 2, 2") — (B + 2)2’ Jx — aw. The following statement is valid.
Lemma 1. Equation (1) has the Painleve property if and only if the system (3)
has the Painleve property.
Holds
Lemma 2. If equation (1) has the Painleve property, then the equation (2) has
the Painleve property.
Proof. Setting in the system (3) w = ew, we obtain the simplified system

bs 2 ¢ d x
o+ 2 B 2t =0, w—(ax+ﬁ—>w
as T as as x

as € = 0 which should have the Painleve property. It follows that lemma 2 is valid.
Setting in the system (3) z = e, at € = 0 we obtain the simplified system
b3 .CL’

4+ —— =0, w—ﬁw (4)
as T

as ¢ = 0, where & = g—i, i = %,d) = fl—‘;’. The first equation of the system (4) has

the Painleve property if and only if

—=—--1 (5)



where n € Z \ {0} or n = oo. If 8 # 0,a3 + b3 # 0, then we find w = C, (7 — 70)°",
where (', 7y are arbitrary constants (in the following, 7o and C;, i = 1; 2, are arbitrary
constants). Consequently, 7 = 7¢ is not a critical point, only for

p=t, (6)

where p,n € Z\ {0}.

The following statement is valid.

Lemma 3. If system (3) has the Painleve property then the condition (5) is true
and at 3 # 0,n € Z\ {0} condition (6) is true.

Introducing in the system (3) the parameter ¢ by the formulas w = e 'w, 2 = e7,
we obtain the simplified system

1 .2 .
= (1= )"t mte, b=+ Bw, (™)
n/ x x
as € = 0 where z = j—f, T = 327"5,@2) = 2—“;. Let 8 = 0. The second equation in system
(7) has a solution w = —1/(7 — 79), then the first equations in system (7) acquires
the form e
T x
= (1) 4 8
v < n gr;—H?(T—TO)2 (8)

The equation (8) has general solution z = Cye“2("=™) (7 — 7,)™", for n = oo and

n—/r(nFin) ny/n(ntdn)
x=(T—"1p) 2+n<01+02(7'—7'0)+ 2+4n>,

forn € Z\ {0}. If 8 =0,n = oo, then system (7) has Painleve property only if

nez\{0}. (9)

If 6=0,n € Z\ {0}, then system (7) has Painleve property if and only if one of the
following conditions:

n=2m,n=3(s" 1) (10)
n=2m+1,n=2m+1)(*-1); (11)

where m € Z,s € Z\ {—1;1},1 € Z\ {0;1} is true. Consequently, the following
statement is valid

Lemma 4. Let = 0. If system (3) has the Painleve property, then the condition
(9) for n = oo and one of the conditions (10), (11) is true.

Let 3 # 0. From system (7), for w, we have the equation
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& = (1——)”—+ (1+—>ww+ (;ﬂ - —>w3 (12)
n/ w ] nou



for n € Z\ {0} and the equation

w?
O = —+ W + npw?, (13)

for n = oo. Equation (12) has the Painleve property only if one of the following
conditions [2,3]:

5
1n = 10n where n = n where p = 1;79 = 1" where p = 2;

3
77:§nwhereu:3;n:2nWhereu:5;,u:—2

is true. Equation (13), where (3 # 0, has not the Painleve property [2,3]. From system
(7) we find that

r = w%e_%fﬂlt, (14)

where w is a solution to the of equation (12). The following statement is valid

Lemma 5. If system (3) at 3 # 0 has the Painleve property, that one of the
following conditions

Dn = (p+2)p,n= (p+2)(n+3)p/4, where p € Z\ {0}, p € {1;2;3;5};

2)n = 3p,n =30p, where p € Z\ {0}, u=1;

3) n=pn(p+n)/(2p+n)®, where p,n € Z\ {0} ,p# —n,p# =5, p=—2;

4)n=mn/4, wheren € Z\ {0} ,u = —2
18 true.

Using lemmas 1-5, Painleve analysis of system (3) we obtain the following
statement.

Theorema. FEquation (1) has the Painleve property if and only if one of the
following conditions:

1)a1—03—d1—d3:0 = —2/nb1:—02762:2/71—2,1)3:(1/71—
1)a3 = —dy,a3 = 8/(m(s? )) =2m,s € Z\{-1;1},m € Z\ {0} or
a3 —4/((2m+ D2 =1),n=2m+1,1 € Z\{0;1} ,m € Z;

2) a; = 1,CL2 =3 - 2/%,@% = 16/(71(52 - 1))b1 = —CQ,bQ = 2/n— 2, b3 =
(1/n — 1)as,c3 = —az,dy = 0,dy = —c; — 2n/((n + 2)?),d3 = naz((n + 2)?), where
n e Z\{-2;-1;0}, s e Z\{-1;1}, 1—s)n/2 € Z, (1—s)n/2+sk # —1, if n € N,
then k=0,n; if n € Z_\ {—2;—1} then k=10,1,2,...;

8)ay=c3=d; =d3 =0,ay = 3,by = —cy,by = —2,b3 = —az, ¢; = —dy,4/a3 €
Z\ {0};

4) a; = —03/a3,a2 = 3,b1 = —CQ,bQ = —2,b3 = —az,C1 = —d2,63 7é 0, d1 = d3 =
0,4/a3 €Z_;

5) a; = C3 = dl = dg = O,CZQ =3+ 2(,& — 1)/n,b1 = —Ca, bg = 2(1/7’L — 1)(1 +
wu/n),bs = (1/n —1)as, ¢y = —dy and one of the following conditions

a)n = (u+2)p a3 =16/((1+2)(p+ 3)p), where p € {1;2;3;5},p € Z\ {0};

6) n = 3p,a3 = 2/(15p), where p € Z\ {0}, for p=1;



6) a3 =16/n, or a3 = 4(2p+n)?/(pn(p+n)) where p,n € Z\ {0}, p# —n,p #
—n/2, for p = -2
18 true;

6) a); = 3,&2 = 1,&% = 1/5,b1 = —Cg,bg = bg = O,Cl = 6—d2, C3 = ag,d1 =
—4, d3 = —as,

7) ap = 17(12 :2,(l§ :8/15,b1 = —]_—CQ,bQ = —]_,bg = —a3/2,01 :3—d2703 =
a3,d1 = —1,d3 = —CL3/2;

8) a; = O,CLQ = 1,&% = —2/3,b1 = —4/3—62,b2 = —4/9,b3 = dg = —C3 =
—2a3/3, cl = 8/3 — dg,dl = —4/9,

9)a; =1-=2u/(n+2),a2 = 3+2(u—1)/n,by = —co — 6u/(n(n +2)), by =
2(1 —n)(n+ p)/n?bs = (1/n — 1)az, ¢; = —dy + 2(pu(n + 3) —n)/(n + 2)%,c3 =
—az,dy = —2nu/(n +2)3,ds = agn/(n + 2)* and one of the following conditions

0) n = i+ 2)p, a3 = 16/ (1 +2) (s + 3)p), where p € {1;:2,3;5},p € 7. ;

6) n = (s + 2)p, a3 = 16/((1+ 2)(1u + 3)p), where i € {1;2,3:5},p € N\ {1}
orn = 3p,a3 = 2/(15p), where p € N and there has been a correlation 35— (m —

k)ArGm_ = —ma,, where m = —ag — 1, Ag = 1, Ay = fz_ol(m — D Ajag—1/((m —
K)k),k = 1,m — 1, where ay are expansion coefficients (u + 2)p/u(w — w?)/w =
ap/(z — 20) + a1 + as(z — 29) + ..., where w is a solution to the equation (12);

6) n=3p,a3 =2/(15p), where p € Z_, for u=1;

2) ad=16/n, atn € Z_\ {—2; -1} or ai = 4(n — 2m)?/(nm(m — n)), where
m # g,n—m>0,m,n€N, for p= -2
1S true;

10) a; = 2,a3 = 6,a3 =8(p—1)*/(p(2 —p)),p € Z\ {0;1;2} ,by = =3 — 9, by =
—6,b3 = —3&3/2, Cc1 = —dQ,Cg = O,dl = —1,d3 = a3/2;

11) a1 = 2,a9 = 6,a3 = —2,by = =3 — ¢9,by = —6,b3 = 3,¢; = —dy,c3 = 0,
dy=-1,d3 =1
18 true.

The solutions of these equations can be expressed via either elementary function,
elliptic function, or solutions of linear equations.
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