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Rational Fourier - Chebyshev series of some elementary 
functions 

Rouba, Yauheni 

In the present report we consider the following system of Chebyshev - Markov 
rational fractions with real nonnegative parameter a: 

( Vl + a2 \ 
Mn(x) = cosnarccos x . = I, x G [—1,1], n = 0 , 1 , . . . . 

V v l + a 2 x 2 J 

It is orthogonal on the segment [—1,1] with respect to the weight 

p(x, a) — ———. „, -1 < x < 1. 

Let / be absolutely integrable with respect to the weight p(x, a) function on the 
segment [—1,1]. We associate the Fourier series with respect to the system {Mn} to 
such function / : 

+oo 

/ O r ) ~ | + £ c „ M n ( x ) , 
z n = 1 

with coefficients: 

l 

= ~ J p(t> a)f{t)Mn(t) dt, n = 0,1,... . 
- l 

T h e o r e m 1. For the partial sums of this Fourier series the following equality 
holds 

7Г 

1 - a 4 [ 
3n{x;f)= 2?r / /(cosv) 

sin (n + l/2)\(u,v) dv 
sin X(u, v)/2 1 + 2a2 cos 2v + a 4 ' 

41 



where 
w ^ f 1 - a 4

 , v T + a 2 - ! 
A(it,u) = / 2 — 4 dy, Q = . 

J 1 + 2a2 cos 2y + a a 

Besides, Sn{x, f ) = pn{x)/(1 + a2x2)n, where pn{x) is an algebraic polynomial of 
degree n and Sn(x, 1) = 1. 

In this work we study the Fourier series with respect to the system { M n } of the 
function |x|. We found Fourier coefficients in the explicit form. Let's introduce the 
following deviations: 

£2n{x, a) = |x| - s 2n(M; x € [ -1 ,1 ] ; e2n((*) = \\ein{x, a)||c[-i,i]-

Theorem 2. The following inequalities hold: 

N n ( x , a ) | 
1 + 2a2 cos 2u + a 4 1 - t2 . 

\X2n{t)\dt,x = cosu, (*) 
+ 2t2 cos 2u + t4 l - a 2 t 2 

l 

£2n(a) < II t2-a2 

1 - a2*2 
dt 

1 + t 2 ' 

Inequality (*) is exaci in i/ie sense that if all the poles have even multiplicity then 
inequality (*) becomes equality for x = 0 and x = 1. 

Theorem 3. If e^n — infa£2n(c0, the following estimates hold 

n2 1 
lim - — e 2 n n-Yoo In п 7Г 

inf |e 2„(x,a) | < 2. , [ -1 ,0 ) U (0,1], n > n0 . 
a 7Г |X| 71° 

Also, we are going to briefly discuss the other results on asymptotic estimates of 
elementary functions by trigonometric series. 


